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Abstract
Let A be a lattice-ordered algebra endowed with a topology compatible with the structure of algebra. We provide internal
conditions for A to be isomorphic as lattice-ordered algebras and homeomorphic to Ck(X), the lattice-ordered algebra C(X) of
real continuous functions on a completely regular and Hausdorff topological space X, endowed with the topology of uniform
convergence on compact sets. As a previous step, we determine this topology among the locally m-convex topologies on C(X)
with the property that each order closed interval is bounded.
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1. Introduction
In the following, every topological space will be assumed to be Hausdorff. Given a topological space X,
the set C(X) of all the real-valued continuous functions on X becomes both a lattice-ordered algebra (un-
der the usual pointwise operations) and a topological algebra (under the topology of uniform convergence on
the compact subsets of X, in brief, compact convergence topology); we shall denote this topological lattice-
ordered algebra by Ck(X). We have obtained some answers to the problem of characterizing Ck(X). Namely,
in [5] we solve the problem for X a realcompact kr -space, in [6] for X a normal space, and in [7] for X
a normal and realcompact space (the second author solves the problem in [9] for X a hemicompact k-space).
In this paper we give an answer for the general case (i.e., for X a completely regular space). However, we
should emphasize that the characterizations obtained in [5–7] or [9] are not particular cases of the one obtained
here.
First, by using the notion of “separating chain” given by Johnson and Mandelker in [4], we introduce the definition
of “zero-separating algebra” and we characterize those topological lattice-ordered algebras that are isomorphic (as
lattice-ordered algebra) to some C(X). Then, the problem lies in determining the topology of uniform convergence on
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of Ck(X) is characterized whenever X is realcompact, we obtain a characterization of this topology for the general
case, completing our aims.
2. Preliminaries
This small section is devoted to give the basic notions about topological algebras and lattice-ordered algebras that
we shall need (see [6] for details).
A topological algebra is an R-algebra A endowed with a (not necessarily Hausdorff) topology for which the
algebraic operations of A are continuous. A locally m-convex algebra is a topological algebra whose topology may
be defined by a family of m-seminorms (a seminorm q on an algebra A is an m-seminorm if q(ab)  q(a)q(b)
for all a, b ∈ A). For example, each compact subset K of a topological space X defines on C(X) the m-seminorm
qK(f ) := max{|f (x)|: x ∈ K} (f ∈ C(X)), and the topology of Ck(X) is defined by the family {qK : K compact
subset of X}; therefore, Ck(X) is a locally m-convex algebra.
Let A be a topological algebra and let SpectA := {morphisms of algebras of A in R that are continuous} (it may
be that SpectA = ∅). Each element a ∈ A defines on SpectA the function a : SpectA → R, x → a(x) := x(a). The
topological spectrum of A will be SpectA endowed with the initial topology defined by these functions; it is clear
that SpectA is completely regular and Hausdorff. A maximal ideal M of A is real if the residue class field A/M is R.
The kernel of each continuous morphism of algebras A → R is a closed real maximal ideal of A, and in this way we
have a one-to-one correspondence between the points of SpectA and the set of all closed real maximal ideals of A. If
SpectA = ∅, then there is a natural morphism of algebras A → C(SpectA), known as the spectral representation of
A, and A is said to be semisimple when its spectral representation is injective. Clearly, A is semisimple if and only
if the intersection of all its closed real maximal ideals is null. We shall say that A is regular if its elements separate
points and closed sets of SpectA in the following sense: if x ∈ SpectA and F is a nonempty closed subset of SpectA
such that x /∈ F , then there exists a ∈ A satisfying a(F ) = 0 and a(x) = 1.
A vector lattice is a real vector space endowed with an order relationship compatible with the vector structure and
with which it is a lattice (every nonempty finite subset has a supremum and an infimum). On C(X) we shall always
consider its pointwise defined natural order for which it is a vector lattice.
Let E be a vector lattice. As it is usual, the supremum and infimum of a finite subset {a1, . . . , an} of E will
be denoted by a1 ∨ · · · ∨ an and a1 ∧ · · · ∧ an, respectively. Given an element a ∈ E, its positive part, its negative
part, and its absolute value are the elements of E defined by a+ := a ∨ 0, a− := (−a) ∨ 0 and |a| := a+ ∨ a−,
respectively. Given a, b ∈ E, the closed interval of extremes a and b is the subset of E defined by the equality
[a, b] := {c ∈ E: a  c b}. A map T :E → F between vector lattices is a morphism of vector lattices, if it is a linear
map such that T (a ∨ b) = T (a)∨ T (b) and T (a ∧ b) = T (a)∧ T (b) for all a, b ∈ E.
A lattice-ordered algebra (in brief, l-algebra) is an R-algebra endowed with an order relationship compatible with
the algebraic structure and with which it is a lattice. If A is an l-algebra, then it is a vector lattice, in particular, so all
the notions given for vector lattices are valid in A. A map between l-algebras is said to be a morphism of l-algebras,
if it is a morphism of algebras and a morphism of lattices. A morphism of l-algebras is called l-isomorphism if it is
bijective.
Let A be an l-algebra. A is said to be Archimedean if, for a, b ∈ A, na  b for all n ∈N implies a  0. A is said to
be an f -algebra if, for a, b, c ∈ A, a ∧ b = 0 and c 0 imply ca ∧ b = 0. A Φ-algebra is an Archimedean f -algebra.
Let A be an f -algebra. We shall say that an element a ∈ A is order-bounded, if there exists a non-negative integer
n such that |a| < n. We shall denote the set of all the order-bounded elements of A by A∗. It is clear that A∗, with
the order induced by the order of A, is an f -algebra. The f -algebra C(X)∗ is denoted by C∗(X). A sequence (an)n
in A is said to be Cauchy uniform, if for every real ε > 0 there exists a positive integer ν such that |an − am|  ε
for n,m  ν. A sequence (an)n in A is said to be uniformly convergent to a ∈ A, if for each real ε > 0 there exists
a positive integer ν such that |an − a| ε for n ν. A subset S in A is said to be uniformly closed if every Cauchy
uniform sequence in S is uniformly convergent in S. A subset S in A is said to be uniformly dense if for each element
a ∈ A there is a sequence in S that converges uniformly to a. It is clear that C(X) is a uniformly closed Φ-algebra.
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Throughout of this paper, A will be a topological l-algebra (i.e., both an l-algebra and a topological algebra).
A natural approach for the problem of characterizing Ck(X) is the following: to find conditions on A in order that
its spectral representation be both an l-isomorphism and a homeomorphism. Usually, first the algebraic part of the
problem is studied, i.e., conditions on A (which may be of topological nature) are investigated for that its spectral
representation be an isomorphism of l-algebras. Then, one studies when the above mentioned isomorphism is a home-
omorphism.
In the following we assume that:
(I) A is both a Hausdorff locally m-convex algebra and a uniformly closed Φ-algebra.
Then, every non-dense ideal of A is contained in some closed real maximal ideal [6, Lemma 1.5]. Hence, SpectA is
nonempty since A is Hausdorff, and so we have that the spectral representation A → C(SpectA) is a morphism of
l-algebras [6, Lemma 3.6]. We assume also that:
(II) every closed ideal of A is an intersection of closed maximal ideals (in [8] it is shown that condition (II) holds on
Ck(X) when X is completely regular).
Thus, the spectral representation of A is injective, since its kernel is just the intersection of all the closed real
maximal ideals of A and A is Hausdorff. Hence, we may suppose that A is an l-subalgebra of C(SpectA); clearly, the
set A∗ of all the order-bounded elements of A is a uniformly closed l-subalgebra of C∗(SpectA). Furthermore, since
A is regular [6, Lemma 3.7], from (II) it follows that the maps I → (I )0 := {x ∈ SpectA: a(x) = 0 for all a ∈ I } and
F → IF := {a ∈ A: a(F ) = 0} set out a one-to-one correspondence between the closed ideals of A and the closed
subsets of SpectA [6, Corollary 2.8]. Clearly (I )0 =
⋂
a∈I Z(a), where Z(f ) = {x ∈ SpectA: f (x) = 0} is the zero-set
of the function f ∈ C(SpectA).
Remark. It is clear that condition (II) means that every closed ideal of A is of the form IF for some closed subset F
of SpectA. However, given a Hausdorff locally m-convex topology τ on C(X), since the equality Spect (C(X), τ ) =
X can fail, the two following conditions are not necessarily equivalent: (a) every closed ideal of (C(X), τ ) is an
intersection of closed maximal ideals; (b) every closed ideal of (C(X), τ ) comes from the form {f ∈ C(X): f (F ) = 0}
for some closed subset F of X.
An intermediate step for the equality A = C(SpectA) is the weaker equality A∗ = C∗(SpectA). A classical result
due to Hewitt [3] states that if a subalgebra B of C(X) separates disjoint zero-sets of X, then B∗ is uniformly dense
in C∗(X). At the moment of studying when A separates disjoint zero-sets of SpectA, it is clear that the major problem
is that such question involves all the continuous functions defined on SpectA.
Recall some definitions. A subset B of C(X) separates disjoint zero-sets of X, if for each pair of (nonempty)
disjoint zero-sets Z1 and Z2 of X there exists h ∈ B such that h(Z1) = 0 and h(Z2) = 1. Two subsets C and D of X
are completely separated, if there exists f ∈ C(X) such that f (C) = 0 and f (D) = 1. Clearly, disjoint zero-sets are
completely separated (i.e., C(X) separates disjoint zero-sets of X).
The notion of “separating chain” was introduced by Johnson and Mandelker in [4], to obtain internal characteriza-
tions of topological properties whose definitions involve continuous functions, such as the “complete separation”.
Definition 1. A separating chain (of closed sets) in the topological space X is a countable family V of closed subsets
of X with the following properties:1
(i) V is totally ordered under inclusion;
(ii) if F,G ∈ V and F ⊂ G, then there exists W ∈ V such that F ⊆ ˚W ⊆ W ⊆ ˚G;
(iii) ⋂F∈V F = ∅ and ⋃F∈V F = X.
1 As usual, given a subset Y of X, ˚Y is the interior of Y in X and Y is the closure of Y in X.
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if and only if there exists a separating chain V in X and members F,G ∈ V such that
C ⊆ F ⊂ G ⊆ X −D.
Let us translate the preceding result for the topological space SpectA into the language of closed ideals of A, by
means of the existing one-to-one correspondence between the closed ideals of A and the closed subsets of SpectA.
We have:
Lemma 2. If J is a closed ideal of A and (J )0 = G, then the set
J⊥ := {a ∈ A: |a| ∧ |b| = 0 for all b ∈ J}
is a closed ideal of A and (J⊥)0 = SpectA− ˚G.
Proof. Given a, b ∈ A, |a| ∧ |b| = 0 if and only if b vanishes on SpectA−Z(a). Therefore, for every b ∈ A we have
b ∈ J⊥ ⇐⇒ b vanishes on
⋃
a∈J
(
SpectA− Z(a)
)
⇐⇒ b vanishes on SpectA−
(⋂
a∈J
Z(a)
)
= SpectA−G,
i.e., b ∈ J⊥ if and only if b vanishes on SpectA−G = SpectA− ˚G. 
Now, let F,G be closed subsets of SpectA and let I, J be closed ideals of A such that (I )0 = F and (J )0 = G.
Since (I + J )0 = (I )0 ∩ (J )0, it is clear that the condition (I )0 ∩ (J )0 = ∅ means that the ideal I + J is dense
(because, as we have already said, every non-dense ideal of A is contained in some closed real maximal ideal). Then,
from Lemma 2 we obtain:
F ⊆ ˚G ⇐⇒ F ∩ (SpectA− ˚G)= ∅ ⇐⇒ I + J⊥ is dense.
These considerations led us to propose the following definition:
Definition 2. A separating chain (of closed ideals) in A is a countable family I of closed ideals of A with the following
properties:
(i) I is totally ordered under inclusion;
(ii) if J, I ∈ I and J ⊂ I , then there exists H ∈ I such that the ideals I +H⊥ and H + J⊥ are dense;
(iii) the ideal ∑I∈I I is dense, and every closed real maximal ideal of A contains some ideal of I .
Clearly, the one-to-one correspondence between the closed ideals of A and the closed subsets of SpectA induces a
bijection between the separating chains in A and the separating chains in SpectA: given a family V of closed subsets
of SpectA and its corresponding family I = {IF : F ∈ V} of closed ideals of A, we have that V is a separating chain
in SpectA if and only if I is a separating chain in A.
Now, if V is a separating chain in X and F,G ∈ V such that F ⊂ G, then from Lemma 1 it follows that F and
X − ˚G are completely separated, and therefore
C(X) = IF + IX− ˚G = IF + I⊥G .
Hence, a necessary condition for the inclusion A ⊆ C(SpectA) to be a equality is that:
(III) A is zero-separating (next definition).
We will see that (III) is a sufficient condition for that the equality A∗ = C∗(SpectA) holds.
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inclusion J ⊂ I implies the equality I + J⊥ = A.
Lemma 3. If A is zero-separating, then A separates disjoint zero-sets of SpectA and therefore A∗ = C∗(SpectA).
Proof. Let Z1,Z2 be disjoint zero-sets in SpectA. We have already said that then Z1 and Z2 are completely separated,
and therefore from Lemma 1 it follows that there exists a separating chain V in SpectA and F,G ∈ V such that
Z1 ⊆ F ⊂ G ⊆ X −Z2.
Since IG, IF are members of the separating chain I = {IH : H ∈ V} of A and IG ⊂ IF , we have IF + I⊥G = A, i.e.,
there exists a ∈ A such that a(F ) = 0 and a(X − ˚G) = 1, and therefore a(Z1) = 0 and a(Z2) = 1.
Now, from the Hewitt’s result mentioned in [3] it follows that A∗ is uniformly dense in C∗(SpectA), and since A∗
is a uniformly closed l-subalgebra of C∗(SpectA) we conclude that A∗ = C∗(SpectA). 
In the following we assume that A is zero-separating. Thus, we have the equality A∗ = C∗(SpectA). We also
assume that:
(IV) there exist no principal ideals in A that are proper and dense.
In our hypothesis, condition (IV) means that an element a ∈ A is invertible if and only if a(x) = 0 for all x ∈ SpectA
(see [6, Lemma 2.15]), and proceeding as in the proof of [6, Theorem 4.3], from the equality A∗ = C∗(SpectA) it
follows that A = C(SpectA).
According to the above we have already proved the following:
Theorem 1. An l-algebra A is l-isomorphic to C(X) for some completely regular space X, if and only if there exists
some topology on A for which:
(I) A is both a Hausdorff locally m-convex algebra and a uniformly closed Φ-algebra;
(II) every closed ideal of A is an intersection of closed maximal ideals;
(III) A is zero-separating;
(IV) in A there exist no principal ideals that are proper and dense.
4. The homeomorphism
To obtain the algebraic-topological equality A = Ck(SpectA) we need to find conditions for both the spectral repre-
sentation A → Ck(SpectA) and its inverse map to be continuous. Since condition (I) holds, the spectral representation
of A is continuous if and only if:
(V) for every C-ideal I of A, A/I is a Q-algebra (see [6, Section 2] for details; A/I is a Q-algebra if the set of
its invertible elements is open, and a closed ideal I of A is a C-ideal if its corresponding closed subset (I )0 of
SpectA is compact).
Now we shall show, in Theorem 2, that the inverse map is continuous when:
(VI) the closed intervals of A are bounded (in the topological sense, i.e., the closed intervals are absorbed by each
0-neighborhood).
For that we shall need the following two lemmas:
Lemma 4. (See Bhatt and Karia [1].) Let X be a compact space. If ‖ ‖ is an m-norm on C(X), then the identity map
(C(X),‖ ‖) → Ck(X) is continuous. As a consequence every maximal ideal of C(X) is ‖ ‖-closed.
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C(X) is the finest locally m-convex topology for which the closed intervals are bounded.
Theorem 2. Let X be a completely regular space and let τ be a locally m-convex topology on C(X). If the closed
intervals of C(X) are τ -bounded, and for every τ -closed ideal I of C(X) there exists a closed subset F of X such
that I = IF , then the identity map Ck(X) → (C(X), τ ) is continuous.
Proof. Given a τ -continuous m-seminorm q: C(X) → R, if we denote Nq = {f ∈ C(X): q(f ) = 0}, ‖πq(f )‖q =
q(f ) (where πq :C(X) → C(X)/Nq is the quotient morphism), and C(X)q = (C(X)/Nq,‖ ‖q), then C(X)q is a
normed algebra and the only one must to prove is that the morphism πq :Ck(X) → C(X)q is continuous (see [10,
1.2]; we may suppose that q = 0 for the ideal Nq to be proper and for C(X)/Nq to be an algebra). The ideal Nq is
τ -closed and so there exists a closed subset F in X such that Nq = IF . Since any q-closed maximal ideal of C(X) is
τ -closed, and in consequence it is of the type Ix with x ∈ X, we have{
q-closed maximal ideals of C(X) containing Nq = IF
}⊆ F.
Now, via the identifications υX = {real maximal ideals of C(X)} and X = {Ix : x ∈ X}, X is a subspace of υX (the
Hewitt–Nachbin realcompactification of X) such that the restriction morphism C(υX) → C(X) is a one-to-one map.
Then C(υX) = C(X) as l-algebras and from Lemma 5 it follows that q :Ck(υX) → R is continuous. Thus, there
exists a closed subset K of υX such that Nq = JK := {f ∈ C(υX): f (K) = 0}, and we have
F ⊆ {real maximal ideals of C(X) = C(υX) containing IF = Nq = JK}= K.
Moreover, there exists ε > 0 and a compact subset C in υX such that q  ε · qC , where qC :C(υX) → R is the
m-seminorm qC(f ) := sup{|f (x)|: x ∈ C}. If f ∈ C(υX) with f (C) = 0 then q(f ) ε · qC(f ) = 0. Thus, K ⊆ C
and so K is compact as well. In this way, if we prove that every maximal ideal of C(X)q is closed, then F = K and
therefore F is compact. Since K is a compact subset of the completely regular space υX, a generalization of the well-
known Tietze’s extension theorem states that C(υX)/JK = C(K). The quotient morphism C(υX) → C(υX)/JK
being just the restriction morphism C(υX) → C(K). Consequently
C(X)q =
(
C(X)/IF ,‖ ‖q
)= (C(υX)/JK,‖ ‖q)= (C(K),‖ ‖q).
From Lemma 4 we obtain that every maximal ideal of C(X)q is closed.
By applying again the generalization of the Tietze’s extension theorem, we derive the equality C(X)/Nq =
C(X)/IF = C(F). At this point we may continue reasoning as in [10, Theorem 2.6] to finish the proof. However,
here we can give another proof since the closed set F is compact. Namely, it is easy to see that the closed intervals
are bounded in (C(F ),‖ ‖q) (because the closed intervals of C(X) are bounded for the m-seminorm q), and therefore
from Lemma 5 it follows that the identity map Ck(F ) → (C(F ),‖ ‖q) is continuous; applying Lemma 4 we conclude
that Ck(F ) = (C(F ),‖ ‖q). 
Combining Theorem 2 and [10, Theorem 2.1], we derive the following theorem (which generalizes Theorem 2.7
in [10]):
Theorem 3. Let X be a completely regular space. A locally m-convex topology τ on C(X) is the compact convergence
topology if and only if :
(i) for each compact subset K of X, the set {f ∈ C(X): 0 /∈ f (K)} is τ -open;
(ii) every τ -closed ideal of C(X) is of the form IF for some closed subset F of X;
(iii) the closed intervals of C(X) are τ -bounded.
Finally we have:
Theorem 4. A topological l-algebra A is l-isomorphic and homeomorphic to Ck(X) for some completely regular
space X, if and only if :
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(II) every closed ideal of A is an intersection of closed maximal ideals;
(III) A is zero-separating;
(IV) in A there exist no principal ideals that are proper and dense;
(V) for every C-ideal I of A, A/I is a Q-algebra;
(VI) the closed intervals of A are bounded.
Proof. Let A be a topological l-algebra satisfying conditions (I)–(IV), in which case the spectral representation of
A is an l-isomorphism (Theorem 1). Moreover, as it was pointed out at the beginning of this section, condition (V)
means that the spectral representation of A is continuous. Lastly, by Theorem 2, condition (VI) implies that the inverse
map of the spectral representation is continuous.
Conversely, if X is a completely regular space, then it is easy to see that the topological l-algebra Ck(X) satisfies
conditions (I)–(VI). 
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